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Motivation

SIGNAL MAP RESPONSE
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the whole trajectory (Xt)re[o,T] deterministic, nonlinear, a quantity of interest:

not only its terminal value typically not explicit payoff, hedging ratio, claim, label. ..

Y =¢ ((Xt)te[o,T])

Goal. Build an approximation ® of @ that is cheap to evaluate and tractable to fit.
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The signature of a path

For a path of bounded variation X := (X2, - 7Xtd)tE[O,T]y and for each word i - - - ip with ik € {0,--- ,d} and
n € N* a positive integer, we define:

~ . t f1 th—1 . ~
vt e [o, T, x'g'"'":/o/o /0 XA . dRi,

vt e [07 T]a X? =1,

and

where @ denotes the empty word, X% =tand X/ = X/ for i € {1,---,d}.
@ The time-augmented signature of X is X:= (X"l""-")(;l,... Jin)€{0,-- ,d}",nEN -

o For N € N, the N-step truncated time-augmented signature of X is XN = (FA{"”'"'")(,-L.“ Jin)EAD RN
~ Yt € [0, T], X=N e ]RWV% ~ finite family of features.
o Libraries for efficiently computing signatures include: iisignature [Reizenstein and Graham, 2020], signatory,
esig.
When X is a continuous semimartingale: we define its time-augmented signature using Stratonovich integration
theory.
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The signature of a path: approximation property

Linear functionals on the time-augmented signature terminal value are universal approximators.
[Cuchiero et al., 2026, Bayer et al., 2025a, Bayer et al., 2025b].

(1Nl _q

&(X) ~ (8,X5"), for large N and some € R ¢

&(X)

nonlinear path-dependent functional~ linear model in nonlinear path features

Br = arg mBinIE[|¢(X) - <57§§%N>|2]

Finding a basis of the linear span of the components of X?N is interesting for several reasons :
@ [y is unique <= components of X?N are linearly independent~ improves interpretability

o reduction of computational and storage cost of features are reduced
o the prediction performance is preserved, while empirical improvements may arise in practice due to
improved conditioning, reduced variance, or more stable cross-validation.
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The signature of a path: the central role of words

Notations.
o Wo = {¢},
o Wy = {itir---in | (i, ,in) € AV} for N € N* = N\ {0}, ~ set of words of length N
o Wen = |_|£’:0 Wi for N € N, ~» set of words of length not greater than N,
® Weoo = |2 g Wi, ~ set of words of finite length
We denote the length of a word w € W by ||w||.

Definition (Shuffle product)

The shuffle product between two words LUl : Weoo X Weoo — Span(Wxoo) is defined inductively for all
w,v € Weoo and i, j € A as follows :

wilg=¢lLw=w

(wi) s (vj) = (w s (vj))i + ((wi) w v)j.

The shuffle product can be extended to Span(W<«) X Span(W«oo) by bilinearity.
Remark: We can easily observe that the words which appear in the shuffle of w and v all have length |w]|| + ||v]|.
Example: 1211101 = 1201 + 1021 + 0121 4 1012 + 0112 + 0112.
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The signature of a path: the central role of words

Proposition (Shuffle product property)

Let X : [0, T] — R? be a path such that its time-augmented signature X is well defined. Then

Vte [0, T, Vw,v € Weoo, (W, X} (v, Xs) = (wiwv,X,).

Example: Let us consider a path X := (X!, X?): [0, T] — R?. Hence we have
S dxt [T ax? =X3X3 = (1, X7)(2,Xr) = (Qw2,X7) = (12421, Xq) = [[] [FaX2dX? + [ [ dX2dX?.

Generalization of the integration by parts formula.
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The signature of a path: the central role of words

(Q, F,P) probability space and X = (X:)c[o,7] be a continuous stochastic process of law Px such that its
time-augmented signature is well defined.

We denote the word 00---0Q by 0« for k € N. Since (0;(,3/{7) = I—,k > 0, the shuffle product property yields
k

-~ k! -~
Vk e N, <W,XT> = <ﬁ(w L1 0;()7XT>7

%(W LW Ok) ~> linear combination of words of length |||w]|| + k.

Consequence: For N € N and w € W<y \ Wy. Taking k = N — |||w]|| > 0, we deduce

X% = linear combination of components associated with words of length N.
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The signature of a path : spanning results

Span(X% | w € Wy) = Span(X% | w € W<y), whatever the law Px.

Other subsets of W<y than Wy share the same spanning property, such as

B W2y ={g8}U{i- -in € Wen | in # 0} (prefixes)
B Weny ={gtU{ - in € Wen | i # 0} (suffixes)
Wy Wiy "Wepn

:
; : ; ® ; ®
o o @ g V@ o o ®

length = N last letter = 0 (prefixes) first letter # 0 (suffixes)

All these sets have the same cardinality (d + 1)V  (above: d =1, N = 3 ~~ 8 words out of 15).
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Linear independence

Let m,d € N*, (Bt):cpo, 1] be a m-dimensional Brownian motion, and Y be a random variable independent of
(Bt)tepo,m)- Let (Xe)eco, 1) i= (X2, ,Xtd)te[o,r] be the solution to:

dX; = o(t, X;)dB: + b(t, X:)dt, Xo =Y, (1)
where

@ b:[0,T] xR = RY and & : [0, T] x RY — RY*™ are C*3 with linear growth in space uniformly in time,
e IA>0,Vt€ [0, T],Vx € RY,VE € RY, co(t,x)a(t,x) " > A€

Then for all N € N, the family of random variables (X#)wewz,\, is linearly independent.

The result still holds when considering affine interpolation of the solution on a time grid.

A. Bourdon (Milliman & CERMICS) Linear independence of time-augmented signatures

June 30, 2026



Linear independence: sketch of the proof

First step: N
For (We)tefo,7) @ d-dimensional Brownian motion, (W7 )wew= , is linearly independent.

® The family of stochastic processes (WtSN)tE[O,T] is linearly independent for the dt ® dP-a.e. equality.
® Yw e Wiy, E[WHF| =W+ 0% Pou(TIWT, and deg(Piw) + [IViwl| < [|w] - 1.

Second step:
The map x> 37, oy« Cw(w, Sn(X)7) is continuous for the rough-path topology. Hence, for all
<N

x € Supp(X), L, cwlw, Sn(X)7) = 0. Here Sy : X XN,

Third step:

By support theorem, we show that for any piecewise affine path v : [0, T] — R?, Sx(v) € Supp(X). For W a
d-dimensional Brownian motion, we construct W(" the dyadic piecewise approximation of W. Classical results
gives 52(W(")) — W for the rough-path topology.
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Efficient computation of signature terms

For each word w € W<, we denote by S* : X — X#.

Proposition (Time-augmented signature of an affine path)

Let T >0 and X := (X2, -- 7Xtd)t€[0,T] be an affine path taking values in R?. Then for all N € N* and for all
w =i ---iy € Wy we have the following equality

1 W P
$*(X) = ;i 11 (X’Tk - X(;*) :
k=1

where X2 =t and X{ = X! fori € {1,--- ,d}.

Definition (Concatenation of paths)

Let 71, T2 >0, and X : [0, T1] = RY, Y : [0, To] — R? be two paths. We denote by X * Y : [0, T1 + T»] — R
the concatenation of X and Y defined as

X, if te[o,Th]
thTl — Yo +XT1 if te [Tl7 T + Tz]

== =

X*Y:tl—>{
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Efficient computation of signature terms

Proposition (Chen'’s relation)

Let Ty, T» >0, and X : [0, T1] — R9, Y : [0, To] — R? be two paths of finite variation. For any word iy + « + im
we have the following relation

Sil...;m(X * Y) _ ZSil"'ik(X)Si"“mi'"(Y),

k=0

with the convention iy ---ix = @ if k =0, and ix+1++im =@ if k = m.
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Efficient computation of signature terms

Consider a time horizon T > 0, an integer K > 2, and X = AXj x - - - * AXk defined as the concatenation of K
affine paths AX : [0, L] — RY. We denote by

Xk = AXy -+ % AXj : forward concatenation.

For the forward approach, we iteratively compute the signature of X1 = X« * AXky1 by applying Chen’s
relation until we obtain the signature of the full path X = X|«. The computation of S"1'“"’"(X‘k+1) requires
@ computing (S"l""'f(X‘k))je{o,.” m}
@ computing (S ™ (AXii1))je (o, m}+

® performing 2m elementary operations. This corresponds to parsing the m + 1 elements in the summation,
and performing m — 1 products (since there is no products for j = 0 and j = m).
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Efficient computation of signature terms

We define
o C(B, k) the required number of elementary operations to compute (5" (Xx))wes.
o O¢(B)={w € Wcw | Iv € Weoo, wv € B},

o [[1BIll = 2Xwes Iwll-
We obtain the following recursive formula

C(B, k) = C(®¢(B), k — 1) + 2|||B]]|.

Since

0 Pro & = &y,

® C(B,1) = Card(B),
we deduce

C(B, k) = Card(®(B)) + 2(k — 2)[[|®«(B)|[| + 2[[| BI|-
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Efficient computation of signature terms

Total cost formula:

Ci(B, K) = Card(®¢(B)) + 2(K = 2)[||®«(B)I| + 2[[| BI||-
The minimum of Gi(-, K) on the set of subsets of Wy with cardinality (d + 1)" is attained by *W<y. When
applied to the set *W<p, the gain in elementary operations behaves like

Cf(*WSI\hK) d
Cf(WSN,K) K—o00 d+1.
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Numerical results

We used the library iisignature and implemented an efficient iterative method to compute suffixes components.

Figure: Computation time of signature components and comparison with theoretical scaling. We sample 200 batches
of size n = 500 of discretized Brownian motion sample paths and compute the empirical mean computation time across
batches.
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@ We exhibit sets of words B C W<y s.t.
@ Card(B) = (d + 1)V,
® B does not depend on Py, = dim (Span (A# | we WgN)) < (d+1)N, whatever Py.
© Span(X% | w € B) = Span(X3").

@ "Wy is such a subset and has the minimal computation cost when using Chen's relation.

@ We show that if we consider a process solution to an SDE with non-degenerate diffusion coefficient, then
dim (span (X"‘T’ lwe WSN>) =(d+1)N.
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Thanks for your attention!

Questions?
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